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Abstract

The topology of the potential energy landscape (PEL) underlying the dynamics of a two dimensional off-lattice model for a heteropolymer is
analyzed for different sequences of amino-acids. A statistical characterization of the metastable minima and first-order saddles of the PEL
highlights structural differences in the landscape of good and bad folding sequences and provides insight on the chain dynamics during folding.
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1. Introduction

The characterization of the topology and of the structure
of the potential energy landscapes (PEL) (or of the free
energy landscapes (FEL)) is an effective tool for obtaining
information about the dynamical and structural properties of
many physical systems: supercooled liquids, glasses, atomic
clusters and biomolecules [1]. After the pioneering works by
Stillinger and Weber on “inherent” states of liquids [2], the
direct investigation of the statistics and topology associated
with the stationary points of PEL has been used successfully
for identifying the structural arrest temperature of glasses [3]
and supercooled liquids [4]. More recently, FEL analysis
has been applied to the characterization of the energetic
funnels associated with protein models [5-8]. In particular
in [8] it is shown how the folding propensity and the folding
cooperativity of a model depend on a interplay between the
energetic bias toward the native configuration (NC) and the
roughness of the potential energy surface. In order to
reproduce the folding dynamics of a protein, it is necessary
to identify the paths followed by the protein during the
folding process, from the unfolded state to the NC, and the
kind of dynamics performed by the protein to move from
one inherent configuration to another. Preliminary results
obtained for an off-lattice model suggest that the basic
dynamical mechanism (at least within the native valley at
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the folding temperature) reduces to a combination of
oscillations around local minima of the PEL and thermally
activated jumps between the basins of attraction of different
minima [9]. This jumping behavior was shown to result in a
marked stepwise behavior of the reaction coordinate [10].
These results partially contrast with the assumption of a
smooth diffusive dynamics in the reaction coordinate made
by Bryngelson and Wolynes in their work on random-
energy models [11] and the fact that in some on-lattice
models of heteropolymers the jumping dynamics in the
multi-dimensional configuration space does not show in the
reaction coordinate [12]. This apparent contradiction is
based on the fact that the overall kinetic behaviour of the
system depends in a complex way both on the PEL shape
and on the connectivity between different minima. It is
therefore not surprising that different models show different
behaviors or that the same model [13] behaves differently in
different regimes. In order to achieve a better quantitative
understanding of the influences of the PEL topology on the
folding properties of a model it is in particular by
identifying the meta-stable minima and the first-order
saddles, which are known to play a major role in the
dynamics. In this paper, a statistical characterization of the
PEL for a simple mesoscopic off-lattice model of hetero-
polymers is presented. In particular, I am going to show that
the folding propensity of a sequence arises from a delicate
balance between energetic and entropic contributions which
may be quantitatively accessed by using the appropriate
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transition theory. This analysis is mainly based on a novel
algorithm, which implements an efficient search strategy of
the PEL stationary points.

2. The model

Although more realistic three-dimensional models exist
[14,15], T choose for this study a minimal two-dimensional
off-lattice model that is shown to reproduce many funda-
mental properties of proteins, namely spontaneous folding
in a temperature range above which denaturation occurs and
below which the system dynamics is found to undergo a
dynamical arrest [10]. It must be stressed that this model
would hardly provide a quantitatively precise description of
the funnel of any real protein. Nonetheless, due to its
compactness and ease of investigation, it proves a very
useful tool to investigate limited issues such as the depend-
ence of folding properties from the landscape topology. The
model is a modification of the two-dimensional off-lattice
model introduced by Stillinger et al. [16] and consists in a
one-dimensional chain made of L point-like monomers
(mimicking the residues of a real protein). For the sake of
simplicity, only two types of residues are considered:
hydrophobic (H) and polar (P) ones. Thus, each hetero-
polymer can be unambiguously identified by a sequence of
binary variables {&;} (with i=1,..., L) along the backbone,
where ¢,=1, if the ith residue is of type H, and ¢=—1,
otherwise. The intramolecular potential is composed of three
terms: a nearest-neighbor harmonic potential 7 intended to
maintain the bond distance almost constant, a three-body
interaction ¥/, that simulates the cost of local bending and a
Lennard—Jones-like V3 interaction acting among next-to-
nearest neighboring monomers (i.e. |i—j[>1):
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Here r; ; denotes the distance between the ith and the jth
monomer and 6; is the bond angle centered on the ith
residue. The parameters o and ro are fixed to 20 and 1,
respectively. V3 is the only contribution that depends on the
nature of the monomers: the parameters c; =1/8(1+¢;+
E+5&;¢;) are defined in such a way that the interaction is
attractive if both residues are either hydrophobic or polar
(with ¢; ;=1 and 1/2, respectively), while it is repulsive if the
residues belong to different species (with c¢;=—1/2). The
Hamiltonian of the system writes as
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where all monomers are assumed to have the same unitary
mass and the momenta are defined as (p.;, py..)=(X;, ¥i)-

Accurate Monte-Carlo (MC) simulations, performed by
employing innovative schemes [17], have revealed that, in
analogy with real proteins, only a few sequences system-
atically fold onto the same (native) structure and can be
thereby called “good folders” [18,19]. These studies have
been confirmed and complemented by direct molecular
dynamics simulations [10].

In what follows, I shall limit my investigations to the
three following cases, all of length L=20,

— [S0]=[0000 0000 0000 0000 0000] a homopolymer
composed of hydrophobic residues only;

— [S1]=[0001 0001 0001 1001 1000] a sequence first
studied in [19] (therein indicated with the code number
81) where it was identified as a good folder;

— [S4]=[1110 0100 0000 0001 0010] a randomly gener-
ated sequence with 6 P-type residues, identified as a bad
folder in [10].

A reasonably accurate characterization of each
sequence can be obtained by determining three transition
temperatures. The first one, 7Ty, denotes the temperature
below which the polymer is in a collapsed rather than in a
random-coil configuration [20]. The folding temperature T
is the temperature below which the heteropolymer stays
predominantly in the native valley. Here, analogously to
[10], T define the native valley as the basins of attraction
of the native configuration (NC) and of its neighboring
minima. A quantitative estimate of 7 can be then obtained
by determining the temperature at which the chain spends
50% of the time within the native valley. Finally, the
glass-transition temperature 7, is the temperature below
which the structural arrest of the system take place. These
temperatures have been reported for the examined
sequences in [9].

3. Minima and saddles database

In order to obtain a meaningful reproduction of the
heteropolymer energy landscape in terms of a connectivity
graph it is necessary to have a sufficiently exhaustive
database, containing the potential energy minima and the
first-order saddles connecting them. Even if at present I
have not yet at disposal a complete description of the
landscape, I shall report some preliminary results limited to
collapsed configurations, i.e. to minima with an energy
smaller than Vy=Vy+L - Ty, where V) is the potential energy
of the NC.

The algorithm employed for obtaining first-order saddles
is conceptually similar to the slowest slide method [21].
The basic difference between the two lies in the fact that
the starting point for each saddle search, rather than being
randomly selected between the highest potential energy
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configurations of a molecular dynamic trajectory, is chosen
starting from previous knowledge about the position of a
couple of minima of the potential energy. Care is devoted
to ensure that, whenever a first-order saddle exists in-
between the two minima, the algorithm will actually find it.
The final aim of the proposed method is to provide a tool
for a systematic search of saddles where the number of
steps to find all possible inter-basin connections only
depends on the complexity of the landscape itself and not
on parameters such as temperature or integration time step
of a molecular dynamics simulation. Another important
feature of this algorithm, illustrated in detail in Appendix
A, is that it can produce, as a final output of each search,
both the coordinates of a first-order saddle or those of a
minimum. More specifically if the basins of attraction of the
two starting minima are directly neighboring it will find a
first-order saddle. If instead the two starting minima are
separated by one or more intermediate basins of attractions
the final output will be the coordinates of one of
intermediate minima. As a result this method stands as a
bifunctional tool able to recover informations about saddles
while at the same time finding new minima. It must be
stressed that in practice the relative percentage of saddles
and minima found by the algorithm will depend on the
completeness of the minima database. In the beginning of
the process when the minima database is still small and
incomplete, the probability that the minima, though near
according to some metric, are actually neighboring is very
low. In this conditions the algorithm will mainly find new
minima. On the contrary when the minima database will be
rich enough the probability that nearby minima are actually
neighboring will increase thus leading in an increase in the
percentage of saddles found.

Actually, by starting form quite a limited number of
minima (of the order of 50—100), the algorithm is able to
rapidly enrich the database both of minima and of first-order
saddles. However, since the number of new minima found
by the algorithm initially grows much faster than the
number of identified saddles, I have not yet been able to
complete the analysis of all the possible connections among
the minima in the database. The number of minima and
saddles so far identified is reported in Table 1.

It must be stressed that in principle one expects the
number of minima of the energy landscape of this and
similar systems such as Lennard—Jones clusters to grow
exponentially with the number L of monomers composing
the chain and the number of saddles to be of the order of
L-times the number of minima [22]. The number of

Table 1

Number of identified minima and saddles for the three analyzed sequences
SO S4 S1

Number of minima in the initial database 47 43 89

Number of minima in the final database 195362 27484 47762
Number of saddles in the final database 75722 41367 39598

minima and saddles found so far is then much inferior to
the existing estimates. Still some characteristic differences
emerge from the comparative study of the databases of
different sequences. A first check of the energies of the
identified minima shows however that only a small
fraction of them lies above Vy, thus indicating that the
proposed analysis will not be able to account for the
model behavior above the temperature of hydrophobic
collapse.

4. Statistical analysis of the minima

The main interest of this study is the dynamic behavior
of the model protein when immersed in a solvent. Under
this circumstances the dynamics of the system is described
by a Langevin where the effects of the solvent molecules
are approximated in terms of a frictional drag on the solute
as well as random kicks associated with the thermal
motions of the solvent molecules. The two terms must
satisfy the fluctuation—dissipation relation in order to fix
the correct temperature. For sufficiently low temperatures a
Langevin dynamics on a rough energetic landscape
consists in a thermally activated hopping dynamics
between basins of attraction of different minima. In order
for the system to move from minimum i of the potential to
minimum ; the basins of attraction of the two minima must
be separated by a first-order saddle. In the case of a
Langevin dynamics the jumping rate from minimum 7 to
minimum j may be computed up to different degrees of
approximation, ranging from the simple Arrhenius approx-
imation to estimates involving high order derivatives of the
potential both in the saddle and in minimum ;. For multi-
dimensional potentials however the best available approx-
imation is still the second-order Langer’s theory [23]. In
this approximation and in the over-damped limit the
jumping rate holds:

Wy £ o~ (Vaatae—Vi) ks T. (3)
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Where ; is the square root of the product of the strictly
positive Hessian eigenvalues in the minimum 7, Qgq4qic iS
the same quantity computed in the saddle, wyy, is the square
root of the absolute value of the only negative Hessian
eigenvalue in the saddle, y is the friction coefficient of the
dynamics and V,qq. and V; are the potentials in the saddle
and in the minimum i, respectively. It is worth noticing that
i (which I will often refer to as the entropic term) is, in the
over-damped limit, a second order estimate of the entropy in
the minimum. Actually Langer’s transition theory supplies
an elegant way to bridge between the PEL and FEL
descriptions by naturally providing to connections between
minima of the potential energy with weights depending on
their free energy difference. The ratio between I';—; and
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I';—.;, which I call n,—;, measures the directionality of the
jump. When #5,->1 the system will preferentially jump
from i to j, while behaving in the opposite way when

ni—<1

Q (v_y,
ey =g e (4)

Notably 1 does not depend on the saddle details (energy
and entropic term). The only significant information left in it
is the existence of a saddle connecting i and j because 7
itself would have no meaning when referring to two
unconnected minima. Note also that Eq. (4) is correct only
when i and j are separated by just 1 saddle. Would this not
be the case 1 will show a dependence from the energy end
the entropic term of all the saddles separating the two basins
of attraction.

A first statistical characterization of the minima in the
database in terms of the quantities that influence jump
directionality can point out some quantitative differences
between the landscape of the good folder S1 and those of
bad folders (i.e. the homopolymer SO and the sequence S4).
I first focus on the energy of the minima and on their
angular distance from the NC which, for this 2-D model, can
be considered a good reaction coordinate [10]. By denoting
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Fig. 1. Energy (top) and angular distance (bottom) distribution of the
minima of the potential energy for the three considered sequences. The
black thin line refers to the homopolymer SO, the black bold line to the
good folder S1 and the grey line to the bad folder S4.

4 T T T
L 0o i
3 B oo T
o
L o, o° 1
* ’ _
>
o
0 1 1 1
0 10 20 30 40
r o)
7 T T T
o
o
oo oo 0, ]
o 0 o
o ° °°°
6F e . o0 1
° oo
B o\'..
o oo i
3 °
J
5| @. _
. i
4 1 1 1
0 10 20 30 40

Fig. 2. Top: average energy of the minima of angular distance from the NC
comprised between ¢ and 6+0.2. Bottom: average curvature (geometrical
average of the nonzero eigenfrequencies of the potential Hessian) of the
minima of angular distance from the NC comprised between ¢ and §+0.2.
Black empty circles refer to the homopolymer, black full circles to the good
folder and grey circles to the bad folder.

with M a generic minimum and with 0 the NC, this distance
can be defined as:

L—1
s(M,0)=> |0 -] | (5)
i=2

where {0} and {07} are the bond angles of the config-
uration of the chain corresponding to the minimum M and to
the NC, respectively.

Fig. 1 shows that the three analyzed sequences do not
exhibit any significant difference in the shape of the
distribution of the energy of the minima and of their angular
distance from the NC." Nonetheless the two quantities show
to be significantly correlated as one can see in the top part of
Fig. 2, where, after dividing the range of possible angular
distances from the NC in bins of amplitude 0.2, I plot the

! Actually the distribution of the angular distance from the NC for the
homopolymer shows a periodic pattern also detectable, for low distances, in
the case of the bad folder. The visual analysis of the conformation of several
minima shows that the bond angles tend to be distributed near to the values
n/3, 2n/3 or m thus indicating that, in spite of the harmonic and angular
contributions, the lower and intermediate energy minima are still
reminiscent of the regular structure of the minima of a Lennard—Jones
cluster.
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average energy of the minima within each bin versus the
angular distance. The graphs reported do not depend on the
bin size, thus showing that the statistics is sufficiently high.
The steepness of the curves reported in the top part of Fig. 2
is a good measure of the average landscape steepness.
According to Eq. (4), the transition between the basins of
attraction of two different minima is more probable to occur
from the higher minimum to the lower one, than in the
opposite direction. As a consequence, a “steep” dependence
of 0 on the energy implies that the dynamics is strongly
biased toward the NC. Fig. 2 highlights that the steepness of
the landscape is higher for the good folder than for the bad
folder: this confirms that the former exhibit a more
pronounced trend to move towards the native configuration
than the latter which is in qualitative agreement with the
standard energy landscape picture. The case of the
homopolymer is a bit richer: the landscape is very steep at
high distances from the NC, but it is almost flat in a large
neighborhood of the NC. Jumps between metastable minima
will then be strongly biased toward the NC at high
configurational distances from the NC but will show no
preferential direction at intermediate and small distances
from the NC thus letting the protein wander around in a
large neighborhood of the NC.

The above analysis is based just on the energetic term of
Eq. (4) and must be complemented by analogous consid-
erations about the contribution of the entropic term. In the
bottom part of Fig. 2 the average curvature of the minima is
reported in a similar fashion to what was done for the
average energy, i.e. by adopting the same binning procedure
in 0. The curvature of every minimum has been estimated
by the geometric mean of the nonzero eigenfrequencies ;
of the potential Hessian estimated at the considered
minimum (37 in this case, the number of degrees of
freedom minus 1 for rotation and 2 for translations):

Wl
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Coherently with Eq. (4) negative the dependence of this
number from ¢ implies a directionality of the jump
dynamics toward the unfolding direction. As far as the
homopolymer and the bad folder are concerned the scenario
arising form the analysis of the landscape steepness is
substantially confirmed. Actually the curvature of the
minima of the bad folder is essentially flat thus not favoring
jumps in any preferential direction. The same holds for the
homopolymer in a large neighborhood of the NC, though at
larger distances the curvature decreases contrasting the
initial collapse encouraged by the landscape steepness. The
situation gets more complicated when considering the good
folder. In this case the curvature always decreases with the
distance from the NC. The folding propensity of the good
folder is then determined by an interplay between an
entropic factor favoring unfolding and an energetic bias
toward folding. According to Eq. (4) the balance of this two

terms depends on temperature. Decreasing the temperature
the importance of the energetic term increases while the
entropic term remains unchanged. In the case of the good
folder this means that at low temperatures it will tend to fold
following the landscape steepness while at higher temper-
atures it will tend to unfold following the curvature gradient.
The temperature at which this two effects balance in average
on all the landscape is then a good candidate for the folding
transition.

In order to determine the value of the folding transition
temperature one may follow a thermodynamical approach.
This will also test the reliability of the considered dataset
and of the statistical analysis performed. Actually the
qualitative insight gained so far on the folding dynamics
depends on the statistical reliability of the minima database
and on the approximate dependencies of the energy of the
minima and their amplitude form their distance form the
native configuration. In order to check the approximations
introduced one can use them to compute the folding
transition temperature of the system and compare it with
the same quantity obtained by direct numerical simulation.
From the energy of the minima and their amplitude one can
compute a first-order approximation of the partition function
of the system [17]. Thus, knowing the dependence of the
number of minima and of their average energy and
amplitude from the distance from the NC ¢, one could
further approximate the partition function introducing in it a
dependence on d:

—E(9)

N(S)exp ™

Z(T,0) = C(T) Omea ()

(7)

where N(0) is the number of minima, E(J) their average
energy and w,.q(0) their average curvature as a function of
the angular distance from the native configuration and C(7)
is a temperature dependent normalization factor. In order to
estimate Z(T; ) for the three considered sequences I assume
N(0) to be a Gaussian of average 15 and standard deviation
8 and I approximate as linear in the interval 0<0<20 both
E() and wpeq(d). The approximate partition function
corresponding to the good folder is plotted in Fig. 3 at
three different temperatures. For low temperatures the
partition function has a maximum in 6=0 thus showing
that the most probable conformations are the NC and it’s
nearest neighboring minima. The appearance of a different
maximum of the partition function at higher temperatures
clearly indicates the occurrence of a folding transition. In
the inset of Fig. 3 the position of the maximum &, of the
partition function is shown as a function of temperature for
the three considered sequences. The intercept of one of these
lines with the 7 axis corresponds to the folding transition
temperature 7 for the considered sequence. The actual
numerical values of T estimated in this way are systemati-
cally lower than those computed numerically in a previous
work (77=0.061 for the good folder and 0.044 both for the
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Fig. 3. Approximate partition function for the good folder as a function of ¢
at 7=0.04 (continuous line), 7=0.05 (dashed line) and 7=0.1 (grey line). In
the inbox I draw the maximum of the partition function as a function of
temperature for the homopolymer (black thin line), the good folder (black
bold line) and the bad folder (grey).

homopolymer and the bad folder), especially in the case of
the homopolymer, but the order of magnitude and the
ordering of the sequences is the correct one, suggesting that
the procedure I described is able to capture the gross
features of the folding process.

5. Saddles

A major concern in this analysis is the finding of a good
indicator for the connectivity between two minima. In
practice, I aim at identifying a proximity criterion, able to
predict when two minima can be considered sufficiently
close to each other to be connected by a single first-order
saddle. This information would be very useful in order to
speed up the algorithm for finding saddles. It is actually
useless to look for a saddle between two minima, which are
very far apart. Moreover, I am going to show that this
analysis provides useful insights onto the mechanism of
saddles jumping and onto the underlying landscape structure.

The distance between two minima may be defined in
several ways. The angular distance, which I have previously
introduced, is actually just one of the many possible ways to
define a distance that measures the difference in the angular
conformation of two chain configurations M and Q. A more
general formulation is:

s\ (M, Q) = (Z | 0¥ — 09" | ) (8)
=2

where 0% is the ith bond angle of configuration the
configuration Q. In this notation, the previously introduced
angular distance & corresponds to A", while I define
55:0):max(|9{v1_0lg| >t |9L7{\4_6L71QD'

The angular distances just defined convey an information
about differences in the bond angles which are local
quantities.

=

Now, I wish to investigate if the connectivity between
different minima depends on more global differences in
conformations. For this aim I introduce a second family of
distances

L 0
3§ (M,0) = (erﬁﬁr?, ) ©)

i<+l

which depend on all the intra-bead distances 7; ;. In order to
test which one among these configurational distances better
captures the configurational proximity between minima, I
have performed the statistical analysis hereafter described.

For each one of the considered metrics I compute the
distribution of distances among all minima connected via
a single first-order saddle. I determine the distance 4,
which includes 90% of all connected pairs. I compute
also the statistical distribution of the distances between all
possible pairs of minima and determine the percentage of
generic (connected or unconnected) pairs characterized by
a distance lower than 4. The smaller is this quantity the
better is the predictive capability of the metric. For each
family of metrics the analysis has been performed only
for 6 and 6", because any other member of the
family satisfies the inequality 0©(M, Q)<é"(M,
0)<6"(M, Q) for any couple of chain configurations
M and Q.

The data are reported in Table 2 showing that for both
metric families ") performs better than d‘ and that the
angular distance performs significantly better than the
global distance in the case of the heteropolymers, while
the two behave similarly in the homopolymer case. I can
conclude that the best indicator for distinguishing between
connected and unconnected minima is 0%, which is a
distance that averages along the chain a local configura-
tional difference. This means that, as far as the two
heteropolymers are concerned, the attraction basins of
two minima are likely to be connected by a first-order
saddle if their configurations are locally similar along all
the chain. Accordingly, the jumps between the basins of
attraction of connected minima typically involves small
local changes of the chain conformation, which are
distributed along the entire chain. Eventually, a huge global
change may appear as the combined effect of a long series
of jumps.

Table 2
Performances of different distances in predicting the connection between
minima

S0 S4 S1
%) 0.3 1072 5x1072
N 1073 41074 2.7x107*
85 2x1072 1.8x1072 4x1073
o 1073 3x10°3 §x10*

The reported number is the percentage of all the minima in the database
having distance lower than that characterizing the 90% of connected pairs.
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6. Conclusions

In summary, [ have shown that some simple features of the
energy landscape of a model protein can be related to its
folding capabilities. In particular, the statistical analysis of the
minima indicates that the folding propensity of a sequence is
determined by the interplay between the steepness of the
energy funnel and the gradient of the curvature of the minima
along the reaction coordinate.

Moreover, the identification of the first-order saddles of
the potential yields a quantitative analysis of the connec-
tions between the basins of attraction of different minima.
The use of suitable configurational distances indicate that
the conformational changes of the chain typically result as
the effect of a sequence of small local rearrangements,
distributed all over the chain length.
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Appendix A

In this appendix sketch the procedure for the identifica-
tion of the metastable minima of the potential energy and of
the first-order saddles connecting them.

The method for obtaining the “inherent” minima [2] has
been explained in details for the present model in a previous
paper [9]. It essentially consists in performing a Langevin
dynamics at a sufficiently high temperature 7" (typically
higher than the folding temperature). Accordingly, the
system visits a wide portion of the accessible phase space.
A steepest descent minimization is used for identifying the
minima underlying the dynamics, at fixed sampling time of
the trajectory. A refinement of the location of the obtained
minima is achieved by employing a standard Newton
algorithm. The database of minima is used for finding out
the first-order saddles connecting directly couples of them.
This goal is accomplished by the following algorithm:

(1) for every pair of minima A and B an intermediate
configuration C is constructed with bond angles
obtained as the average of the corresponding angles
of A and B;

(i1) a steepest descent algorithm is applied to C until a
minimum is reached;

(iii) (a) if the new minimum is A (B) I construct a new
configuration C' intermediate between C and A
(B) and I go back to item (ii);

(b) if the new minimum is neither A nor B, I assume
that the basins of attraction of the two minima are
not directly connected, if the new minimum is
not included in the minima database I update the
database with this new configuration, I go back
to item (i) and I analyze a new couple of minima;

(c) if the Euclidean distance between C and C’ is
lower than a threshold ¢, then C and C’ are on the
ridge, (i.e. the stable manifold that divides the
basins of attraction of A and B) and I can pass to
item (iv);

(iv) I start two steepest descent relaxations from C and C/,
while monitoring their relative distance when they
move along the ridge; if their Euclidean distance
overcomes the threshold ¢ I go back to item (i) by
using updated C and C’ as new initial configurations;

(v) if during the steepest descent the gradient of the
potential becomes lower than a given threshold €, 1
assume to be on the saddle: the corresponding
configuration is then refined by a Newton algorithm
and the eigenvalues of the Hessian computed in order
to verify the order of the fixed point found.

As already explained the goal of items (i), (ii) and (iii) is
finding the ridge separating the basins of attraction of the
couple of minima, while the aim of items (iv) and (v) is
moving along the ridge in the direction of the first-order
saddle, i.e. towards the point with lowest energy on the
ridge. Though the algorithm is not particularly sensitive to
the threshold € (set to 10~ during the database analysis),
some care must be devoted to the choice of the threshold 6.
Too much a small value for this parameter will force the
algorithm to perform too many steepest descents (the
lengthiest part of the computation) and prevent it to profit
of the acceleration provided by the Newton refinement.

On the other hand too much a high 6 will prevent
convergence in the most pathological cases causing the
algorithm to continuously jump between steps (iv) and (i).
The choice 6=10"" has shown sufficient to eliminate the
problem.
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